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Abstract
Time-critical systems must satisfy temporal constraints
whose correctness depends not only on event ordering but
also on precise timing. Metric Interval Temporal Logic
(MITL) provides a formalism to express such requirements.
Although robustness has been widely studied under signal-
based interpretations, it remains largely unexplored for point-
based semantics, where executions are sequences of times-
tamped facts. In this setting, small timing variations may ar-
bitrarily change Boolean satisfaction, revealing the instability
of temporal truth under uncertainty.
We introduce a notion of time robustness for MITL over
point-based semantics, interpreting robustness as a margin
of validity of temporal interpretations. We define a quan-
titative semantics and prove soundness with Boolean satis-
faction together with a Lipschitz stability property with re-
spect to timestamp perturbations, which induces a metric no-
tion of proximity between interpretations. The semantics
admits a polynomial-time evaluation procedure and is illus-
trated on two case studies (drone surveillance and smart hos-
pital), where robustness empirically correlates with tolerance
to temporal noise.

1 Introduction
Many domains rely on knowledge involving temporal con-
straints, ranging from safety-critical controllers to business
processes governed by service-level agreements (Huang et
al. 2024; Reimann et al. 2011; Xu and Parnas 2002). For ex-
ample, after a drug injection, a patient’s blood pressure may
be required to be measured not earlier than 10 minutes and
not later than 20 minutes (Lanz, Weber, and Reichert 2014).
Correctness, therefore, depends not only on the ordering
of events but also on their precise timing relations (Guan,
d’Amorim, and Legunsen 2025; Guan and Legunsen 2025;
Colombo, Pace, and Schneider 2008). This raises a semantic
question: can validity itself be made stable under temporal
uncertainty?

Temporal logics have emerged as a powerful formalism
for specifying and reasoning about timing-dependent prop-
erties. Logics such as Metric Temporal Logic (MTL) (Koy-
mans 1990) and its fragments, including Metric Interval
Temporal Logic (MITL) (Alur, Feder, and Henzinger 1996),
extend classical temporal logic with explicit quantitative
timing intervals. These extensions allow the expression of
requirements such as every request must be acknowledged

within 5 time units or a safety condition must hold for the
next 10 time units.

In some applications, knowledge is not limited to the oc-
currence of events but also includes quantitative observa-
tions about the system, such as measured temperature, pres-
sure, or position. In these cases, the represented informa-
tion is no longer a sequence of timestamped facts but a
time-indexed evolution of numerical values. Signal Tem-
poral Logic (STL) (Maler and Nickovic 2004) extends met-
ric temporal reasoning to this setting by allowing predicates
over real-valued signals, enabling specifications that com-
bine temporal constraints with quantitative conditions.

This distinction highlights two complementary views of
temporal knowledge: event-based representations describe
what happened and when, while signal-based representa-
tions describe how a quantity evolved over time.

In event-based representations, timestamps are rarely ex-
act: delays in sensing, logging, or distributed recording in-
troduce temporal uncertainty. As a consequence, traces de-
scribing essentially the same course of events may differ
only by small timing variations while receiving different
Boolean truth values. When behaviors are represented as
signals, Boolean satisfaction is often replaced by a graded
notion of validity. Quantitative semantics for STL assign
a real value measuring how far an observation is from vi-
olating a specification, thus capturing a robustness margin
rather than a binary truth value (Fainekos and Pappas 2009;
Donzé and Maler 2010). This notion, often referred to as
spatial robustness, quantifies tolerance with respect to per-
turbations of signal values. Such measures have also been
complemented by the temporal robustness notion, quanti-
fying how much the timing of relevant signal features may
vary while preserving satisfaction (Rodionova et al. 2022).
Conceptually, these approaches interpret robustness as tol-
erance of an observed behavior to uncertainty in measure-
ments and timing. They therefore move from exact truth
values to a quantitative assessment of validity.

Despite the extensive study of robustness for signal-based
temporal semantics, much less attention has been devoted
to event-based interpretations, where models consist of dis-
crete timestamped facts. In this setting, temporal specifica-
tions are evaluated over the occurrence times of events rather
than over a continuous trajectory.

The difference is not merely representational but seman-



tic. Signal-based semantics describes the evolution of ob-
servable quantities, and robustness measures tolerance of a
behavior to perturbations. In contrast, point-based seman-
tics represents knowledge as timestamped facts describing
when events occurred. Here, uncertainty does not concern
the value of a measured quantity but rather the recorded
time at which a fact is asserted to hold. Consequently, ro-
bustness no longer measures how much a physical trajectory
can be perturbed, but rather how much event timestamps can
vary before the truth value of a specification changes. In
this sense, robustness characterizes the reliability of tempo-
ral conclusions drawn from imprecise timestamps.

We introduce a notion of time robustness for MITL over
finite event traces. Robustness quantifies the maximal times-
tamp perturbation preserving satisfaction and guarantees
that bounded temporal variations cannot change the truth
value. This interpretation is natural in domains where
knowledge is recorded as timestamped facts (e.g., logs or
workflows), where uncertainty concerns when events occur
rather than signal values. Accordingly, robustness character-
izes the reliability of temporal conclusions under timestamp
imprecision. The resulting semantics provides a quantitative
notion of proximity between temporal interpretations, illus-
trated through two case studies.

Contributions. The main contributions of this work can
be summarized as follows:

• A quantitative time-robustness semantics for MITL over
event-based interpretations (see Section 3, Definition 3).

• Soundness and stability guarantees relating robustness to
Boolean satisfaction (see Section 3, Theorems 1 and 2,
Corollary 1).

• A polynomial-time evaluation procedure derived from the
compositional semantics (see Section 3, Proposition 1).

• Empirical evidence linking robustness to tolerance under
temporal uncertainty (see Section 4).

Overall, the proposed semantics equips temporal interpre-
tations with a metric notion of validity, enabling reasoning
over temporally uncertain knowledge.

2 Related Work
Signal-based Time Robustness. While extensive research
has been devoted to the notion of spatial robustness for the
satisfaction of temporal logic specifications under the signal-
based interpretation (Fainekos and Pappas 2009; Donzé and
Maler 2010; Silvetti et al. 2018), comparatively limited at-
tention has been given to the formalization of time robust-
ness. The earliest contribution in this direction was pre-
sented in (Donzé and Maler 2010), where time robustness
was characterized in terms of the maximum admissible tem-
poral perturbation, that is, the largest uniform temporal shift
of the entire trace, either forward or backward, that does
not change the truth value of a target formula. Later, Ro-
dionova et al. (Rodionova et al. 2022) extended this concept
by permitting asynchronous temporal displacements among

the individual signals constituting the trace. Although ro-
bustness notions for STL are defined over dense-time sig-
nals and may appear related to discrete behaviors, the two
settings capture different semantic phenomena. In signal-
based semantics, time robustness measures admissible per-
turbations of continuous trajectories, whereas in the point-
based interpretation perturbations affect timestamps of dis-
crete events while preserving their structural relations. Ac-
cordingly, our robustness characterizes stability of temporal
truth under timestamp uncertainty rather than tolerance of a
signal behavior.
Point-based Spatial Robustness. The most closely related
work to ours is (Fainekos and Pappas 2006), which intro-
duced a quantitative robustness semantics for MTL over
timed state sequences. In their framework, states take values
in a metric space, and robustness quantifies the distance of
the observed state values from the boundary of satisfaction.
This notion is spatial: it captures how much the state com-
ponent of a trace can be perturbed before the truth value of a
specification changes, while timestamps remain fixed. Our
work differs in two respects. First, we consider event traces
whose states are discrete labelings (subsets of atomic propo-
sitions) rather than elements of a continuous metric space,
which is natural in domains where knowledge is recorded
as timestamped facts. Second, we define robustness along
the temporal dimension as the maximal perturbation to event
timestamps that preserves satisfaction. The two notions are
therefore complementary: spatial robustness addresses un-
certainty in what is observed, while time robustness ad-
dresses uncertainty in when it is observed. To the best of
our knowledge, no existing approach in the point-based set-
ting defines a time robustness that characterizes the stability
of Boolean satisfaction under timestamp perturbations.
MTL Trace Alignment. The trace alignment problem in
MTL (De Giacomo and others 2021) and our notion of time
robustness represent two perspectives on the same funda-
mental issue. Trace alignment seeks the minimal modifica-
tions needed to make a log trace compliant with a given tem-
poral specification, while our time robustness approximates
the maximum value that can be applied to a trace while pre-
serving the (un)satisfiability of a logical requirement.

3 Metric Interval Temporal Logic and time
robustness

Finite Event Trace. Let AP = {p0, p1, . . . , pm−1}, with
m ∈ N, denote a finite set of atomic propositions. We de-
fine an event as a couple (t, s) ∈ R≥0 × 2AP, where t is the
time when the event occurs, and s denotes the event state,
describing the properties that hold at that event. For exam-
ple, the event state {a, b} indicates that both predicates a
and b are true at the event. A finite event trace is a finite
sequence of events σ = (t0, s0)(t1, s1) . . . (tn−1, sn−1)
where {ti}0≤i<n is a strictly increasing sequence of non-
negative real numbers, with t0 = 0 and n ∈ N. With ΣAP

we denote the set of finite event traces composed of events
with states in 2AP, e.g., σ = (0, {a})(10, {b, c})(20, {d}) is
an event trace with 3 events. We use the notation t(σ) and
s(σ) to denote, respectively, the time vector and the state



vector of σ, σ[i] to denote the i-th event in trace σ and with
∥ · ∥1 we refer to the standard ℓ1 norm.

Logic. MITL (Alur, Feder, and Henzinger 1996) is a frag-
ment of MTL (Koymans 1990) where singular intervals such
as [a, a] are not allowed. Its syntax is defined as follows.

Definition 1 (MITL Syntax). MITL formulae are defined by
the following grammar:

φ := ⊤ | p | ¬φ | φ ∧ φ | φUIφ | XIφ

where ⊤ is the true constant, p ∈ AP is an atomic predicate,
¬ and ∧ the Boolean connectives, UI the until operator and
XI the next operator where I = [a, b] or I = [a,+∞) is an
interval with 0 ≤ a < b < +∞.

In addition, we derive the eventually operator
FIφ := ⊤UIφ, the always operator GIφ := ¬FI¬φ, the
disjunction operator φ1 ∨ φ2 := ¬(¬φ1 ∧ ¬φ2) and the
implication operator φ1 → φ2 := ¬φ1 ∨ φ2. Moreover, we
write G and F instead of G[0,+∞) and F[0,+∞).

To motivate our work, consider the following example.
In many process-oriented systems, a key property concerns
the temporal relationship between a request and its corre-
sponding satisfaction. Such a requirement can be formally
expressed as φ = G(req → FIsat), where I ⊆ R+ rep-
resents the admissible time interval between the request and
the event’s satisfaction. The interpretation of I varies de-
pending on the system under consideration. For example,
in a mortgage release process, customers typically request
a loan quote, and the bank subsequently issues an offer. A
key performance indicator (KPI) in this context measures
the delay between these two events, where the offer is ex-
pected to be provided within a specified upper bound after
the request is made. In client–server systems, a similar pat-
tern captures response-time requirements, ensuring that the
server acknowledges or responds to a client request before
a defined deadline. In both cases, the interval bound takes
the form I = [0, T ], indicating that responses may occur at
any time up to the deadline T , with no lower bound on how
early they can occur. In contrast, in chemical processes, the
desired reaction or mixture must reach a stable state within
a specific time window I = [T0, T1]: achieving it too early
may induce instability, whereas a delayed response can de-
grade performance or reduce yield.

In this work, we interpret MITL formulae over finite event
traces with the following Boolean point-based semantics.

Definition 2 (MITL Boolean semantics). Let φ ∈ LMITL

be a MITL formula. The satisfaction relation (σ, i) |= φ, in-
dicating that the event trace σ = (t0, s0), . . . , (tn−1, sn−1)
satisfies φ at position i < n, is defined inductively as fol-

lows:

(σ, i) |= ⊤
(σ, i) |= p if p ∈ si

(σ, i) |= ¬φ if (σ, i) ̸|= φ

(σ, i) |= φ1 ∧ φ2 if (σ, i) |= φ1 and (σ, i) |= φ2

(σ, i) |= φ1UIφ2 if ∃j ≥ i, (σ, j) |= φ2, tj − ti ∈ I,

∀k ∈ [i, j), (σ, k) |= φ1

(σ, i) |= XIφ if i < n− 1 and (σ, i+ 1) |= φ, and
ti+1 − ti ∈ I

Remark 1 (Event witnessing in point-based semantics).
Under point-based semantics, temporal operators are eval-
uated only at event indices and are witnessed exclusively by
existing events. In particular,

(σ, i) |= FI⊤
holds if and only if there exists an index j ≥ i such that tj −
ti ∈ I . Equivalently, the formula ⊤UI⊤ holds at position
i if and only if there exists an event j ≥ i whose timestamp
lies within the interval ti + I .

This differs fundamentally from signal-based semantics,
where ⊤ holds at every real instant and FI⊤ is therefore
a tautology. In the point-based interpretation, if no event
occurs within the time window ti + I , the formula is false.
Example 1. Consider the formula

φ = G(req → F[10,20]sat)

and the three event traces

σ1 =(0, {s}), (5, {req}), (16, {sat})
σ2 =(0, {s}), (5, {req}), (22, {sat})
σ3 =(0, {s}), (5, {req}), (20, {sat})

illustrated in Figure 1. All the executions satisfy the require-
ment, since the satisfaction event (sat) occurs between 10
and 20 time units after the request event (req). However,
the three executions differ in their behavior. Suppose we in-
troduce a time perturbation to the satisfaction event (shown
in Figure 1 with dotted lines), allowing it to occur slightly
earlier or later by the same amount in each trace. In that
case, it becomes clear that, under the same perturbation, σ3
is more likely to satisfy φ than σ1 or σ2. Specifically, σ3
can tolerate a perturbation of up to 5 time units without vi-
olating the requirement, while σ1 and σ2 can only tolerate
perturbations of 1 and 3 time units, respectively.

In the context of process-aware information systems, such
as Business Process Management, this tolerance can be in-
terpreted as the resilience of a trace to satisfy the require-
ments despite delays or early occurrence of events that may
be caused by resource de-allocation, anticipation of prece-
dent activities, or other scheduling fluctuations. This ability
of the system to generate event traces that are robust under
such perturbations is a desirable quality, which motivated us
to introduce the concept of time robustness of event traces
concerning the satisfiability of a MITL formula.

Intuitively, the robustness of temporal operators is deter-
mined by the event that maximizes the admissible temporal
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Figure 1: Representation of the three event traces σ1, σ2, and σ3,
where each event is indicated by a dot placed at the corresponding
time location.

perturbation while preserving satisfaction. Boolean connec-
tives propagate robustness compositionally, while temporal
operators combine the admissible perturbation induced by
interval constraints with the robustness of their subformulas.
For the until operator, robustness aggregates the margin by
which the witness event satisfies the interval constraint and
the minimal robustness of the prefix. For the next opera-
tor, robustness reflects the admissible displacement between
consecutive events constrained by the interval I.

Definition 3 (Time robustness of MITL formulae). We in-
troduce the time robustness as the function ρ : LMITL ×
ΣAP × N → R ∪ {±∞} defined recursively as follows:

ρ(⊤, σ, i) = +∞

ρ(p, σ, i) =

{
+∞ if (σ, i) |= p,

−∞ otherwise.

ρ(¬φ, σ, i) = −ρ(φ, σ, i)
ρ(φ1 ∧ φ2, σ, i) = min(ρ(φ1, σ, i), ρ(φ2, σ, i))

ρ(φ1UIφ2, σ, i) = max
j≥i

(
min

(
ρ(φ2, σ, j), d(ti, tj , I),

min
i≤k<j

ρ(φ1, σ, k)
))

ρ(XIφ, σ, i) =

{
min(ρ(φ, σ, i+ 1), d(ti, ti+1, I)) if i < n− 1,

−∞ otherwise.

where

d(ti, tj , [a, b]) =

{
ti + b− tj if a = 0,

min(tj − ti − a, ti + b− tj) otherwise.

As a consequence, we obtain

ρ(FIφ, σ, i) = max
j≥i

(
min

(
ρ(φ, σ, j), d(ti, tj , I)

))
,

ρ(GIφ, σ, i) = min
j≥i

(
max

(
ρ(φ, σ, j),−d(ti, tj , I)

))
.

Remark 2. The function d(ti, tj , [a, b]) quantifies the align-
ment between tj and the interval [ti + a, ti + b]. When
positive, it represents the safety margin keeping tj inside
the interval; when negative, it gives the minimal adjustment
needed to place tj within the interval. Figure 2 provides vi-
sual intuition. Its definition distinguishes two cases. When

a = 0, the interval [ti, ti+b] is anchored at the current time,
so tj cannot precede the interval’s left endpoint; the margin
is therefore determined solely by the distance to the upper
bound ti + b. When a > 0, the interval constrains tj from
both sides, so the margin is the minimum of the distances to
both bounds.

0 5 10 15 2022 25

ti ti + a ti + btj

Interval ti + [a, b]

ti + b− tj = 5 + 20− 22 = 3
(distance from tj to end of interval)

tj − ti − a = 22− 5− 10 = 7
(distance from start of interval to tj )

Figure 2: Visualization of the distance function d(ti, tj , [a, b])
showing the two components: ti + b − tj (red) and tj − ti − a
(green). The function returns the minimum of these two distances,
which in this case with ti = 5, tj = 22, and [a, b] = [10, 20]
equals min(3, 7) = 3.

For the remainder of this work, we would like to show the
following important property of the function d(ti, tj , [a, b])
expressed in the following proposition.
Lemma 1 (ℓ1-lipschitzianity of the distance function). Let
us consider two vectors v⃗ and w⃗ of strictly increasing ele-
ments both of size n < +∞, i.e., v⃗ = {(v0, . . . , vn−1) |
v0 < · · · < vn−1} and w⃗ = {(w0, . . . , wn−1) | w0 < · · · <
wn−1}, and any interval [a, b] with a < b < +∞ then:

∀ 0 ≤ i < j ≤ n, |d(vi, vj , [a, b])−d(wi, wj , [a, b])| ≤ ∥v⃗−w⃗∥1.

Proof. The proof can be found in Appendix A.

Remark 3. In signal-based semantics, time robustness
quantifies admissible temporal shifts of signals, either syn-
chronously (the entire signal is shifted) or asynchronously,
as in (Rodionova et al. 2022). In contrast, under point-
based semantics, we define time robustness with respect to
perturbations of individual event timestamps. This captures
variations in the occurrence time of facts, a notion that is
not naturally represented in signal-based semantics.

An important property of a quantitative semantics is
soundness with the Boolean semantics, which we show in
the following theorem.
Theorem 1 (Soundness of time robustness). The time ro-
bustness is sound with the Boolean semantics of MITL,
meaning that for each formula φ, event trace σ and i < |σ|
we have:

ρ(φ, σ, i) > 0 ⇒ (σ, i) |= φ (1)
ρ(φ, σ, i) < 0 ⇒ (σ, i) ̸|= φ (2)

(σ, i) |= φ⇒ ρ(φ, σ, i) ≥ 0 (3)
(σ, i) ̸|= φ⇒ ρ(φ, σ, i) ≤ 0. (4)

Proof. We prove the theorem by using induction on the
complexity of the formula.



(1) a) For atomic predicates, the theorem is proved by defini-
tion.

b) If ρ(¬φ, σ, i) = −ρ(φ, σ, i) > 0 then ρ(φ, σ, i) <
0 which implies, by the inductive hypothesis, that
(σ, i) ̸|= φ and, by Definition 2 of the Boolean seman-
tics, that (σ, i) |= ¬φ.

c) If ρ(φ1 ∧ φ2, σ, i) = min(ρ(φ1, σ, i), ρ(φ2, σ, i)) > 0
then both ρ(φ1, σ, i) > 0 and ρ(φ2, σ, i) > 0 mean-
ing that, by the induction hypothesis, (σ, i) |= φ1 and
(σ, i) |= φ2, by Definition 2 it implies that (σ, i) |=
φ1 ∧ φ2.

d) If ρ(φ1UIφ2, σ, i) > 0 then by definition of time ro-
bustness there exists j ≥ i such that ρ(φ2, σ, j) > 0,
d(ti, tj , I) > 0 and mini≤k<j(ρ(φ1, σ, k)) > 0 mean-
ing that ∀i ≤ k < j, ρ(φ1, σ, k) > 0. By the in-
duction hypothesis, we have (σ, j) |= φ2 and ∀k <
j (σ, k) |= φ1. Furthermore, by Remark 2 tj − ti ∈ I .
All the conditions of Definition 2 are satisfied, so that
(σ, i) |= φ1UIφ2.

e) Argument for XIφ is similar to d).
(2) The proof is similar to (1).
(3) a) For atomic predicates, the theorem is proved by defini-

tion.
b) If (σ, i) |= ¬φ then, by Definition 2, (σ, i) ̸|= φ. By

using the induction hypothesis, we have ρ(φ, σ, i) ≤ 0
and so ρ(¬φ, σ, i) = −ρ(φ, σ, i) ≥ 0.

c) If (σ, i) |= φ1 ∧ φ2 then (σ, i) |= φ1 and (σ, i) |=
φ2 and by induction hypothesis ρ(φ1, σ, i) ≥ 0 and
ρ(φ2, σ, i) ≥ 0 which implies that ρ(φ1 ∧ φ2, σ, i) =
min(ρ(φ1, σ, i), ρ(φ2, σ, i)) ≥ 0.

d) If (σ, i) |= φ1UIφ2 then by Definition 2 ∃j ≥
i, (σ, j) |= φ2, tj − ti ∈ I, ∀k ∈ [i, j), (σ, k) |= φ1

and by the inductive hypothesis ρ(φ2, σ, j) ≥ 0
and mini≤k<j(ρ(φ1, σ, k)) ≥ 0 and, by Remark 2,
d(tj , ti, I) ≥ 0. It means that at least one j ≥ iwe have
min (ρ(φ2, σ, j), d(ti, tj , I),mini≤k<j(ρ(φ1, σ, k))) ≥
0 which implies that ρ(φ1UIφ2, σ, i) ≥ 0.

e) Argument for XIφ is similar to d).
(4) The proof is similar to (3).

Theorem 2 (Stability property of time robustness). Let us
consider φ ∈ LMITL and two trajectories σ and σ′ such
that s⃗(σ) = s⃗(σ′) then

∀i ≤ |σ|, |ρ(φ, σ′, i)−ρ(φ, σ, i)| ≤ ∥t⃗(σ′)−t⃗(σ)∥1. (5)

When ρ(φ, σ′, i) ∈ {±∞}, robustness depends only on the
labeling and is therefore invariant under timestamp pertur-
bations.

Proof. The proof is obtained by induction on the structure
of the formula, and considers the rewriting of (5) as:

ρ(φ, σ′, i) ≤ ρ(φ, σ, i) + ∥t⃗(σ′)− t⃗(σ)∥1, (6)

ρ(φ, σ′, i) ≥ ρ(φ, σ, i)− ∥t⃗(σ′)− t⃗(σ)∥1, (7)

for simplicity, let us write L := ∥t⃗(σ′)− t⃗(σ)∥1.

(6) a) If ρ(p, σ, i) = +∞ then (σ, i) |= p; since s(σ′) = s(σ)
it implies (σ′, i) |= p and so ρ(p, σ′, i) = +∞. More-
over, if ρ(p, σ, i) = −∞ then (σ, i) ̸|= p; since
s(σ′) = s(σ) we have (σ′, i) ̸|= p and therefore
ρ(p, σ′, i) = −∞.

b) By applying the induction hypothesis (7) to φ, we ob-
tain ρ(¬φ, σ′, i) = −ρ(φ, σ′, i) ≤ −ρ(φ, σ, i) + L =
ρ(¬φ, σ, i) + L

c) Applying the induction hypothesis (6) separately
to φ1 and φ2, we have ρ(φ1 ∧ φ2, σ

′, i) =
min(ρ(φ1, σ

′, i), ρ(φ2, σ
′, i)) ≤ min(ρ(φ1, σ, i) +

L, ρ(φ2, σ, i) + L) = min(ρ(φ1, σ, i), ρ(φ2, σ, i)) +
L = ρ(φ1∧φ2, σ, i)+L. The same argumentation can
be applied to prove (7) because min as well as max
are monotonic functions invariant under synchronous
translation, i.e., min(a+ L, b+ L) = min(a, b) + L.

d) If we look at the definition of ρ(φ1UIφ2, σ
′, i) we

notice that it results in nested application of min and
max which eventually reach the robustness of φ1 or
φ2, where the inductive hypothesis holds, or a dis-
tance function, where the relation d(t′i, t

′
j , [a, b]) ≤

d(ti, tj , [a, b])+L is a direct consequence of Lemma 1.
The conclusion is straightforward.

e) The proof for XIφ is similar to d).
(7) The proof follows symmetrically by applying the induc-

tion hypothesis to each subformula and using Lemma 1
for the distance function, observing that min and max are
monotone and preserve the bounds under finite perturba-
tions.

The previous theorem establishes a relationship between
the magnitude of perturbations that can be applied to a tra-
jectory and the resulting time robustness. In essence, it rep-
resents a stability property: if the perturbation remains be-
low a certain threshold, the corresponding difference in ro-
bustness will also stay within that threshold. Mathemati-
cally:

∀δ > 0, ∥t⃗(σ′)− t⃗(σ)∥1 < δ =⇒ |ρ(φ, σ′, i)−ρ(φ, σ, i)| < δ.

A direct implication of this theorem is the correctness
property of time robustness.

Corollary 1 (Correctness property of time robustness). Let
δ > 0 and B(σ, δ) = {σ′ ∈ ΣAP | s(σ′) = s(σ)
and ∥t(σ′) − t(σ)∥1 < δ}. If ρ(φ, σ, i) = δ (resp.
ρ(φ, σ, i) = −δ ) then ∀σ′ ∈ B(σ, δ) we have (σ′, i) |= φ
(resp. (σ′, i) ̸|= φ).

Proof. Considering that ρ(φ, σ, i) = δ and the stability
property of time robustness, we obtain ∥t⃗(σ′) − t⃗(σ)∥1 <
ρ(φ, σ, i) =⇒ |ρ(φ, σ′, i) − ρ(φ, σ, i)| < ρ(φ, σ, i)
which implies ρ(φ, σ′, i) > 0 when ρ(φ, σ, i) > 0, and
ρ(φ, σ′, i) < 0 otherwise.

We remark that Theorem 1 does not establish an equiva-
lence when ρ(φ, σ, i) = 0. This is standard in quantitative



semantics, where a zero robustness value denotes a bound-
ary case rather than a Boolean truth value, and arbitrarily
small timestamp perturbations may affect satisfaction.

The correctness property ensures that if the time robust-
ness value ρ(φ, σ, 0) is strictly positive (or strictly negative),
there exists a neighborhood around the target trajectory σ,
denoted in the previous corollary as B(σ, ρ(φ, σ, 0)), that
still satisfies (or does not satisfy) the formula φ. This prop-
erty justifies the term “robustness” for this type of quantita-
tive semantics. It also enables the use of optimization-based
methods to address parameter synthesis problems, as is com-
monly done in the field of continuous signal and relative
robustness semantics (Chattopadhyay and Mamouras 2020;
Bakhirkin et al. 2017; Fainekos and Pappas 2009).

From a theoretical perspective, time robustness provides
a deterministic under-approximation of the set of admissible
timestamp perturbations that preserve satisfiability. In prac-
tice, this quantity can be interpreted as a resilience margin:
if perturbations are applied within this bound, satisfiability
is guaranteed. When perturbations exceed this bound, satis-
fiability is no longer guaranteed but may still occur.

More formally, if ρ(φ, σ, 0) = δ > 0, Corollary 1 ensures
that every perturbed trace σ′ satisfying ∥t⃗(σ′)− t⃗(σ)∥1 < δ
still satisfies φ. Under a stochastic perturbation model ∆ on
timestamps, this yields the conservative probabilistic bound

P(σ +∆ |= φ) ≥ P
(
∥∆∥1 < δ

)
.

For this reason, in the experimental evaluation we study
the empirical relationship between time robustness and the
probability of satisfiability under stochastic timestamp per-
turbations. This allows us to assess whether higher robust-
ness values correlate with increased tolerance to random
timing deviations, thereby linking the formal guarantees of
the semantics with its practical relevance in monitoring sce-
narios.

Example 2. To better illustrate the concept of time
robustness, consider again the event trace σ2 =
(0, {s}), (5, {req}), (22, {sat}) and the formula φ =
G(req → F[10,20]sat) from Example 1. To identify all
possible time displacements of the events req and sat, we
consider the set

A(σ2, φ) = { (δreq, δsat) ∈ R2 | σ2(δreq, δsat) |= φ },

where σ2(δreq, δsat) = (0, {s}), (5 + δreq, {req}), (22 +
δsat, {sat}). This leads to the equations shown in Figure 3
(Bottom), whose solution is represented in the chart of Fig-
ure 3 (Top). The region enclosed between the dashed lines
represents the set of feasible displacements, i.e., A(σ2, φ).
Region A denotes the subset of feasible displacements within
ℓ1 distance smaller than the time robustness value, i.e.,
B(σ2, ρ(φ, σ2, 0)). Region B contains additional feasible
displacements that still preserve satisfaction of φ but lie out-
side this robustness neighborhood. Region C contains dis-
placements that violate φ.

For instance, the point marked with a star, represented
with ⋆, corresponds to a synchronous delay of both events
by 5 time units, which results in a valid event trace. The
origin of the chart, represented with •, corresponds to the

original event trace. From this example, it is evident that the
robustness region is an under-approximation of the set of
time displacements of the target trajectory that preserve the
truth value of the formula. Mathematically, this relationship
can be expressed as B(σ2, ρ(φ, σ2, 0)) ⊆ A(σ2, φ).

δreq

δsat
(d)

(c)

(b)

(b)

⋆

•

• = σ
⋆ = σ(5, 5)

A

B

C

Dsat := t(σ)sat + δsat

Dreq := t(σ)req + δreq

Dsat > Dreq (a)
Dsat −Dreq ∈ [10, 20] (b)

Dsat > 0 (c)
Dreq > 0 (d)

Figure 3: Time robustness of the trace σ2 =
(0, {s}), (5, {req}), (22, {sat}) with respect to φ = G(req →
F[10,20] sat). (Top) geometric representation of feasible perturba-
tions in the (δreq, δsat) plane. The black dot marks the original
trace, while the star denotes a perturbed trace. The region
enclosed between dashed lines denotes perturbations preserving
satisfaction of φ. Region A, shown by the diamond-shaped
region , contains perturbations within ℓ1 distance smaller
than ρ(φ, σ2, 0). Region B contains additional feasible pertur-
bations outside Region A, showing that time robustness is an
under-approximation of the full feasible set. Region C contains
perturbations that violate φ. (Bottom) corresponding temporal
constraints.

The computed robustness value is an under-
approximation of the maximal perturbation preserving
satisfaction. This follows from the compositional interpre-
tation of logical connectives via min and max, which does
not capture logical dependencies between subformulas.
Consider, for example, the formula φ = FI¬p∨FJ¬p with
I ∩ J = ∅. The trajectory σ = (0, {s})(4, {p}) satisfies
the formula under arbitrary time shifts, yet the robustness
value remains finite. We deliberately adopt this conservative



approximation to obtain a tractable quantitative semantics;
importantly, soundness with respect to Boolean satisfaction
and the stability property of Theorem 2 remain unaffected.

Monitoring and Computational Complexity. Defini-
tion 3 induces a dynamic-programming monitoring algo-
rithm. For each subformula ψ of φ and each trace position i,
the robustness value ρ(ψ, σ, i) is computed bottom–up over
the syntax tree. Boolean operators (¬, ∧) are evaluated in
constant time from previously computed subformula values.
For temporal operators, robustness values are computed by
scanning the relevant index ranges induced by the interval
constraints. In particular, the operators UI and XI require
linear-time scans over the trace segment satisfying the tim-
ing constraints.

Proposition 1 (Computational Complexity). Let σ be a fi-
nite event trace of length n and φ an MITL formula of size
|φ|. All robustness values ρ(φ, σ, i) for 0 ≤ i < n can be
computed in time O(n2 · |φ|) and space O(n · |φ|).

Proof Sketch. Robustness values are computed via dynamic
programming bottom-up over the syntax tree of φ.
Boolean operators: For each index i < n, connectives are
evaluated in O(1) time using previously stored subformula
results.
Temporal operators: For operators such as φ1UIφ2, the
evaluation at each position i requires scanning for a wit-
ness j ≥ i. Since the distance function d(ti, tj , I) and the
prefix term mini≤k<j ρ(φ1, σ, k) depend explicitly on both
i and j, the search involves O(n) candidate events in the
worst case. With O(|φ|) subformulas and n positions, the
quadratic scan for temporal operators yields an overall com-
plexity of O(n2 · |φ|). Space complexity remains O(n · |φ|)
to store the DP table.

The resulting complexity matches the standard complex-
ity of quantitative monitoring algorithms for signal-based
temporal logics, while preserving the additional structure in-
duced by point-based timestamp perturbations.

4 Experimental Evaluation
Our monitoring algorithm directly implements the quanti-
tative semantics introduced in Definition 3. The resulting
Python tool, called TIRO, includes detailed replication in-
structions and is publicly available online (Silvetti et al.
2026). We evaluate it in two case studies: a drone surveil-
lance system and a smart hospital multi-agent system.

4.1 Drone Surveillance System
Context. This is a toy example in which a trajectory
records the events of a drone exploring a specific surveil-
lance area. Three disjoint target regions are considered: A,
B, and C. When the drone enters a target area, for instance,
area A, an event enterA is emitted to represent this occur-
rence.

Trajectories. An example of trajectory, depicted in Fig-
ure 4, is:

σ =(0, {s}), (4, {enterA}), (15, {enterA}), (34, {enterB}),
(56, {enterC})

indicating that the drone starts its path at time 0, then visits
region A twice before proceeding through regions B and C.

Properties. An interesting property in this domain is that
the surveillance drone must enter the target areas in a spe-
cific order while adhering to precise timing constraints, as
expressed by the following MITL property.

ψd = F[10,20](enterA∧F[40,50](enterB∧F[20,30] enterC))

It is a formula with nested “eventually” operators, specify-
ing that between 10 and 20 seconds, the drone should enter
region A; starting from that moment, it should enter region
B within the next 40 to 50 time units; and finally, from that
point, it should enter region C within the following 20 to 30
seconds.

Experiment and Results. The goal of this use case is to
demonstrate how time robustness relates to the robustness
of a trajectory under perturbations of its events. To illus-
trate this correlation, we consider three drone trajectories
that satisfy the requirement with different levels of robust-
ness. Afterwards, we apply increasing levels of temporal
perturbation to each entry event and analyze how this affects
the probability of satisfying the requirement formula. We
expect that, under the same degree of perturbation, trajecto-
ries with higher robustness will exhibit a higher probability
of satisfying the formula. We consider the following three
trajectories:

σa =(0, {s}), (15, {enterA}), (60, {enterB}), (85, {enterC})
σb =(0, {s}), (17, {enterA}), (61, {enterB}), (87, {enterC})
σc =(0, {s}), (13, {enterA}), (61, {enterB}), (90, {enterC})

which exhibit decreasing levels of time robustness, as
shown in the first column (perturbation 0) of Table 1. For

x

y

A

B

C
σ[0]

σ[1]

σ[2]

σ[3]

Figure 4: Path σ of the drone visiting the target regions A, B and
C. Dots indicate the coordinates corresponding to the entrance
in each target region and represent entrance events. The resulting
trace is composed of 4 events: σ[0], σ[1], σ[2], σ[3].



each trajectory, we apply seven perturbation levels, rang-
ing from 0.1 to 6, obtained by adding Gaussian noise with
mean 0 and standard deviation equal to the perturbation level
to the timestamps of all events in the corresponding trajec-
tory. The results are presented in Table 1, which is organized
into three rows, each corresponding to a different trajectory,
and reports the average time robustness (with standard devi-
ation) and the probability of satisfaction with respect to ψd.
These values are computed over 1000 perturbed traces gen-
erated for each perturbation intensity. For example, trajec-
tory σa perturbed with an intensity of 2.0 yields an average
robustness of 1.68 (standard deviation 1.64) and a satisfac-
tion probability of 0.86. As shown in Table 1, when the
trajectory is fixed and the perturbation intensity increases,
both the average robustness and the probability of satisfac-
tion decrease. Conversely, when the perturbation level is
fixed, both quantities are proportional to the robustness of
the original (unperturbed) trajectory.
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Figure 5: Scatter plot of 20000 perturbed instances of trajectory σb

at perturbation intensity 2.0. Each point reports the time robustness
ρ(ψd, σb + δ, 0) (y-axis) versus the ℓ1 norm of the applied pertur-
bation (i.e., ∥δ∥1) (x-axis). The black dot at (0, 3) represents σb.
All traces with ∥δ∥1 < 3 have positive robustness (region A, satis-
faction); violations only occur when ∥δ∥1 > 3 (region C). Points in
region B still satisfy ψd despite ∥δ∥1 > 3, illustrating that our time
robustness is an under-approximation. Blue dots represent traces
that satisfy φd; conversely, red dots represent traces that do not
satisfy the formula.

As an additional experiment, we considered the specific
trajectory σb and applied a random perturbation with inten-
sity level equal to 2.0. We generated 20000 perturbed tra-
jectories and report, in Figure 5, the robustness of each tra-
jectory together with the corresponding ℓ1 norm of the per-
turbation vector. It is interesting to observe the distribution
of the points. First, there are no trajectories with robust-
ness values higher than 5. This is expected, since for the
specification ψd, the maximum achievable robustness is ob-
tained by σa and corresponds to 5. This occurs because the
events of σa lie exactly at the center of the required tempo-
ral intervals: the first event is centered within [10, 20], the

second event occurs 45 time units after the first—precisely
in the middle of [40, 50]—and the final event is 25 units af-
ter the second. Second, it is clear that all trajectories with
an ℓ1 perturbation below 3 (recall that ρ(ψd, σb, 0) = 3) ex-
hibit positive robustness (region A in the figure), meaning
that they satisfy the formula ψd. This result aligns with the
correctness property of the semantics, i.e., if the applied per-
turbation is smaller than the absolute value of the robustness,
the sign of the robustness remains unchanged. Conversely,
all trajectories that violate the formula (region C) have an ℓ1
perturbation greater than 3. The points in region B corre-
spond to trajectories that still satisfy ψd but have ℓ1 pertur-
bation values greater than 3. This occurs because our notion
of time robustness is an under-approximation, as discussed
in Example 2.

Finally, all points lie above the line defined by the equa-
tion ρ(ψd, σb+δ, 0) = 3−∥δ∥1 and above ρ(ψd, σb+δ, 0) =
3 + ∥δ∥1, where δ denotes the ℓ1 perturbation of σb. This is
a clear confirmation of the stability property in the form of
Equation (6) and (7), which states that the variation of the
robustness is linearly bounded by the ℓ1 perturbation in this
example represented with δ.

4.2 Smart Hospital Multi-Agent System
Context. We consider a multi-agent simulation of au-
tonomous robots operating in the Ghent University Hospi-
tal (Ongenae et al. 2011), modeled as a graph of intercon-
nected rooms. A central coordinator schedules the delivery
of medical items from the pharmacy to target rooms. Each
item has a priority level (low, medium, high) affecting its
handling urgency. Robots can load, move, and deliver
items. They may also fail, after which another robot can
recover them. Malicious robots may issue fake repair re-
quests (fakeFailure), causing unnecessary interventions
and delays. Items are created, transported, and eventually
delivered. If a robot fails during transport, the item may
be dropped and later collected by another robot.

Trajectories. As described in the previous paragraph, this
use case involves two dynamic entities interacting with each
other: the item and the robot. Although these entities inter-
act, we analyze them separately. For example, consider the
following two trajectories.

σitem =(0, {create}), (18, {load}), (50, {move}),
(60, {move}), (70, {deliver})

σrobot =(0, {load}), (20, {move}), (70, {fail, help}),
(2100, {recover})

σitem represents the lifecycle of an item that is created,
loaded, and, after two movements, delivered. Meanwhile,
σrobot represents the lifecycle of a robot that loads an item
at time 0, starts moving at time 20, and simultaneously fails
and issues a help request at time 70. Finally, it is recovered
at time 2100.

Properties. To measure the quality (i.e., the level of ser-
vice) of the autonomous package delivery, we define the fol-



Perturbations

0 0.1 1.0 2.0 3.0 4.0 5.0 6.0

ρ(ψd, σa, 0) 5.0 4.84 (0.08) 3.35 (0.84) 1.68 (1.64) 0.29 (2.47) -1.46 (3.28) -3.07 (4.02) -4.56 (4.77)
P (σa |= ψd) – 1.0 1.0 0.86 0.61 0.39 0.25 0.17

ρ(ψd, σb, 0) 3.0 3.00 (0.09) 2.62 (0.87) 2.62 (0.87) 1.30 (1.69) -0.18 (2.45) -1.81 (3.38) -2.96 (4.00)
P (σb |= ψd) – 1.0 1.0 0.79 0.52 0.34 0.26 0.16

ρ(ψd, σc, 0) 1.0 1.0 (0.14) 0.46 (1.03) -0.48 (2.04) -1.58 (2.92) -3.14 (3.76) -4.24 (4.58) -5.50 (4.99)
P (σc |= ψd) – 1.0 0.71 0.44 0.32 0.23 0.19 0.14

Table 1: Mean±std time-robustness and P (σ |= ψd), which denotes the empirical probability of satisfaction over perturbed traces for σa,
σb, and σc under Gaussian timestamp perturbations.

φa φb φc (×103)

r m m/r M Q1 Q3 M Q1 Q3 M Q1 Q3

10 0 0 -558 -55929 -178 -650 -5661 9 -4.9 -6.5 -3.8
10 5 0.5 -574 -3533 -189 -1018 -7247 8 -4.8 -6.1 -3.8
10 10 1 -571 -2033 -201 -1507 -9772 6 -4.9 -6.4 -3.9

20 0 0 -21 -204 20 -316 -4059 10 -4.9 -6.6 -3.8
20 10 0.5 -109 -424 -2 -698 -8275 5 -5.0 -6.4 -3.8
20 20 1 -203 -1093 -42 -1216 -18478 -12 -5.0 -6.6 -3.9

40 0 0 20 20 20 -3 -512 15 -4.1 -5.5 -2.9
40 20 0.5 20 20 20 -14 -606 13 -4.8 -6.2 -3.7
40 40 1 19 -23 20 -237 -1758 4 -4.8 -6.4 -3.8

Table 2: Median (M ) and interquartile range (Q1, Q3) of time-robustness values for formulas φa, φb, and φc across nine experimental
configurations (Use Case 4.2). Column r reports the total number of robots, while m indicates how many of them are malicious (m ≤ r);
m/r denotes their ratio. Values of φc are expressed in scientific notation (×103).

lowing three MITL properties:

φa = G(create → F[0,20] load)

φb = G(load → F[L,U ] deliver)

φc = G(fail → X[0,2500] recover)

The first two properties, φa and φb, constrain the system’s
behavior by imposing timing requirements on item trajecto-
ries. Specifically, φa expresses that every package must be
loaded by a robot within 20 seconds of its creation, while φb

mandates that, once loaded, a package must be delivered to
its destination within a time window [L,U ] which depends
on the destination, as delivery times naturally increase for
more distant locations. To establish reasonable bounds, we
estimate them using a reference configuration without mali-
cious robots and zero failures. In this ideal scenario, robots
perform at their optimal level. We evaluate the delivery time
for each target destination and define L and U as the average
time minus and plus two standard deviations, respectively.
This way, the specification represents the system’s expected
performance in the absence of faults, and deviations from
this baseline, caused by failures or malicious robots, are di-
rectly reflected in the robustness value. The third property

(φc), instead, is interpreted over robot trajectories and re-
quires that if a robot fails, it must be recovered within 2500
seconds—a bound which incorporates the 1800-second re-
pair time.

Experiment and Results. Each formula is evaluated over
all available trajectories, where the number of trajectories
corresponds to the number of items delivered during a one-
month simulation for properties φa and φb. For property φc,
instead, the number of trajectories corresponds to the num-
ber of robots, each tracking the events generated by a robot
for one month. To improve statistical significance, each
monthly trajectory is divided into 30 daily sub-trajectories
(one per day). Table 2 reports the time-robustness statistics
for the three formulas across nine configurations, obtained
by varying the number of malicious robots. We use the cen-
tral communication mechanism and the same simulation pa-
rameters as in (Pinciroli and Trubiani 2023). The results are
consistent with the findings reported in (Pinciroli and Tru-
biani 2023). The large negative robustness values observed
for φb, and, to a lesser extent, for φa in low-robot con-
figurations, reflect delays accumulated under failures and



malicious behavior. Since the bounds [L,U ] are calibrated
on an ideal scenario with no failures or malicious robots,
dropped items and fake repair requests can substantially in-
crease load–deliver delays. Moreover, because φb is under a
global operator, a single severely delayed delivery can drive
the robustness of the whole trajectory to a large negative
value. This explains the asymmetric interquartile ranges in
Table 2: Q3 often stays close to zero, while Q1 captures the
tail of severely delayed deliveries, which decreases as the
number of robots increases.

When the total number of robots is fixed and the percent-
age of malicious robots increases, both properties φa and
φb show a decrease in satisfaction, as reflected by a lower
median time-robustness value. This trend is particularly evi-
dent for φb, which captures the timing of package deliveries.
Moreover, the results clearly show, as expected, that the to-
tal number of robots is positively correlated with the median
time robustness of both formulas. Indeed, when more robots
are available, it is more likely that one is ready to load a
package (property φa) or to complete a delivery in case an-
other robot fails and drops the item (property φb). On the
other hand, property φc exhibits only minor variations with
respect to both the number of robots and the fraction of ma-
licious ones.

5 Conclusion
This paper introduced a quantitative semantics for Metric In-
terval Temporal Logic (MITL) under point-based interpreta-
tion, extending the concept of time robustness to event-based
systems. The proposed definition quantifies the tolerance
of an event trace to temporal perturbations while preserv-
ing the satisfaction of a temporal specification. We proved
that the semantics is sound with respect to the Boolean in-
terpretation and satisfies key properties, such as correctness
and bounded sensitivity to event shifts. A monitoring al-
gorithm implementing the proposed semantics was devel-
oped and validated through two representative case studies:
a drone surveillance system and a smart hospital multi-agent
system. The experiments demonstrated how time robustness
can effectively capture the resilience of system behaviors to
timing deviations and provide an interpretable measure of
quality for event-based systems.

Future research will first investigate the use of the pro-
posed notion of time robustness to define control synthesis
problems, following approaches already developed for other
types of quantitative semantics. A second promising direc-
tion concerns the implementation of an optimal monitoring
algorithm and the exploration of its applicability to runtime
monitoring scenarios.

A Proof of Lemma 1
Lemma 1 (ℓ1-lipschitzianity of the distance function).
Consider two vectors v⃗ and w⃗, both of size n < +∞, with
strictly increasing elements, i.e., v⃗ = {(v0, . . . , vn−1) |
v0 < · · · < vn−1} and w⃗ = {(w0, . . . , wn−1) | w0 <
· · · < wn−1}, and any interval [a, b] with a < b < +∞
then:

∀ 0 ≤ i < j ≤ n, |d(vi, vj , [a, b])−d(wi, wj , [a, b])| ≤ ∥v⃗−w⃗∥1.

Proof. The proof is divided into two parts based on the def-
inition of the function d(·, ·, [a, b]).

(1) if a = 0 then |d(vi, vj , [0, b])− d(wi, wj , [0, b])| = |vi +
b−vj−(wi+b−wj)| ≤ |vi−wi|+|vj−wj | ≤ ∥v⃗−w⃗∥1.

(2) if a ̸= 0, first of all, consider that

d(vi, vj , [a, b]) =
b− a

2
−

∣∣∣∣vj − vi −
a+ b

2

∣∣∣∣ . (8)

This is a consequence of the following: min(x, y) =
x+y−|x−y|

2 . Equation (8) leads to

|d(vi, vj , [a, b])− d(wi, wj , [a, b])|

=

∣∣∣∣∣∣∣∣wj − wi −
a+ b

2

∣∣∣∣− ∣∣∣∣vj − vi −
a+ b

2

∣∣∣∣∣∣∣∣
= |wj − wi − (vj − vi)|
≤ |vj − wj |+ |vi − wi|
≤ ∥v⃗ − w⃗∥1.

The last inequality is a consequence of ||x| − |y|| ≤ |x−
y|.
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